This paper deals with the old yet unsolved problem of defining and evaluating the stored electromagnetic energy-a quantity essential for calculating the quality factor, which reflects the intrinsic bandwidth of the considered electromagnetic system. A novel paradigm is proposed to determine the stored energy in the time domain leading to the method, which exhibits positive semi-definiteness and coordinate independence, i.e. two key properties actually not met by the contemporary approaches. The proposed technique is compared with an up-to-date frequency domain method that is extensively used in practice. Both concepts are discussed and compared on the basis of examples of varying complexity.
Introduction
In physics, an oscillating system is traditionally characterized [1] by its oscillation frequency and quality factor Q, which gives a measure of the lifetime of free oscillations. At its high values, the quality factor Q is also inversely proportional to the intrinsic bandwidth in which the oscillating system can effectively be driven by external sources [2, 3] .
The concept of quality factor Q as a single frequency estimate of relative bandwidth is most developed in the area of electric circuits [4] and electromagnetic radiating systems [3] . Its evaluation commonly follows The problem of stored energy has seldom been addressed directly in the time domain. Nevertheless, there are some interesting works dealing with time-dependent energies. Shlivinski expanded the fields into spherical waves in time domain [35, 36] , introducing time domain quality factor that qualifies the radiation efficiency of pulse-fed radiators. Collarday [37] proposed a brute force method using the finite differences technique. In [38] , Vandenbosch derived expressions for electric and magnetic energies in the time domain that, however, suffer from an unknown parameter called storage time. A notable work of Kaiser [39] then introduced the concept of rest electromagnetic energy, which resembles the properties of stored energy, but is not identical to it [40] .
The knowledge of the stored electromagnetic energy and the capability of its evaluation are also tightly connected with the question of its minimization [21, [41] [42] [43] [44] . Such lower bound of the stored energy would imply the upper bound to the available bandwidth, a parameter of great importance for contemporary communication devices.
In this paper, a scheme for radiation energy extraction is proposed following a novel line of reasoning in the time domain. The scheme aims to overcome the handicaps of the previously published works, and, furthermore, is able to work with general time-dependent source current distributed through a region of arbitrary shape. For the purpose of comparison, the most common frequency domain method based on the time-harmonic expressions of Vandenbosch [31] is presented as well. Both concepts are closely investigated and compared on the basis of examples of varying complexity. The working out of both concepts starts solely from the current flowing on a radiator, which is usually given as a result in modern electromagnetic simulators. This raises challenging possibilities of modal analysis [45] and optimization [46] .
The paper is organized as follows. Two different concepts of quality factor Q that are based on electromagnetic energies (in both, the frequency and time domain), are introduced in §2. The following §3 presents numerical examples dealing with canonical radiators. The results are discussed in §4 and the paper is concluded in §5.
Energy concept of quality factor Q
In the context of energy, the quality factor is most commonly 1 defined as
where a time-harmonic steady state with angular frequency ω 0 is assumed, with W sto (t) as the electromagnetic stored energy, W sto (t) = W sto as the cycle mean of W sto (t) and W lost as the lost electromagnetic energy during one cycle [20] . In conformity with the font convention introduced above, in the following text, the quantities defined in the time domain are stated in calligraphic font, while the frequency domain quantities are indicated in the roman font. A typical Q-measurement scenario is depicted in figure 1 , which shows a radiator fed by a source current density J source . Assuming the time-harmonic steady state at the frequency ω 0 and the radiator made of conductors with ideal non-dispersive conductivity σ and lossless nondispersive dielectrics, we can state that the lost energy during one cycle, needed for (2.1), can be evaluated as
where W r represents the cycle mean radiation loss and W σ stands for the energy lost in one cycle via conduction. The part W σ of (2.2) can be calculated as with V being the shape of radiator and E being the time-harmonic electric field intensity under the convention E(t) = Re{E(ω) e iωt }, i = √ −1. At the same time, the near-field of the radiator [47] contains the stored energy W sto (t), which is bound to the sources and does not escape from the radiator towards infinity. The evaluation of the cycle mean energy W sto is the goal of the following §2a,b, in which the power balance [10] is going to be employed.
(a) Stored energy in time domain
This section presents a new paradigm of stored energy evaluation. The first step consists in imagining the spherical volume V 1 (figure 1) centred in the coordinate system, whose radius is large enough to lie in a far-field region [47] . The total electromagnetic energy content of the sphere (it also contains heat W σ ) is
where W r (V 1 , t) is the energy contained in the radiation fields that have already escaped from the sources. Let us assume that the power source is switched on at t = −∞, bringing the system into a steady state, and then switched off at t = t off . For t ∈ [t off , ∞), the system is in a transient state, during which all the energy W(V 1 , t off ) will either be transformed into heat at conductors or radiated through the bounding envelope S 1 . Explicitly, Poynting's theorem [10] states that the total electromagnetic energy at time t off can be calculated as
5)
in which S 1 lies in the far-field region. As a special yet important example, let us assume a radiating device made exclusively of perfect electric conductors (PEC). In that case, the far-field can be expressed as [20] H far (r, Since we consider the far-field, we can further write [48] R ≈ r for amplitudes, R ≈ r − r 0 · r for time delays, with n 0 ≈ r 0 and r = |r|. Using (2.6a)-(2.7) and the above-mentioned approximations, the last term in (2.5) can be written as
where t = t − r/c 0 + r 0 · r /c 0 , where Z 0 is the free space impedance and where the relation
has been used. Using (2.5) and (2.8), we are thus able to find the total electromagnetic energy inside S 1 , see figure 2 for graphical representation. Note here that the total electromagnetic energy content of the sphere could also be expressed as
which can seem to be simpler than the aforementioned scheme. The simplicity is, however, just formal. The main disadvantage of (2.10) is that the integration volume includes also the near-field region, where the fields are rather complex (and commonly singular). Furthermore, contrary to (2.8), the radius of the sphere plays an important role in (2.10) unlike in (2.8) , where it appears only via a static time shift r/c 0 . In fact, it will be shown later on that this dependence can be completely eliminated in the calculation of stored energy. In order to obtain the stored energy W sto (t off ) inside S 1 we, however, need to know the radiation content of the sphere at t = t off . A thought experiment aimed at attaining it is presented in figure 3 . It exploits the properties of (2.8). Consulting the figure, let us imagine that during the Figure 3 . Graphical representation of the radiated energy evaluation via (2.8) for a lossless radiator excited by ideal voltage source. Panel (a) shows a steady state just before t = t off , when the steady-state radiation (orange wavelets) as well as the steady-state stored energy (blue cloud) were maintained by the source. Panel (b) shows that at t > t off , the radiating current is modified so to inhibit any radiation, although they possibly create a new energy storage (green cloud). The radiation emitted before t = t off (orange wavelets) is unaffected by this modification. Panel (c) depicts the time t t off when almost all radiation passed S 1 . The radiation content of the sphere S 1 is evaluated via (2.8). The green stored energy does not participate as it is not represented by radiation and is consequently not captured by the integral (2.8). (Online version in colour.) calculation of W(V 1 , t off ) we were capturing the time course of the current J (r , t) at every point.
In addition, let us assume that we define an artificial current J freeze (r , t) as
and use it inside (2.8) instead of the true current J (r , t). Expression (2.8) then claims that for t ≤ t off the artificial current J freeze (r , t) is radiating in the same way as in the case of the original problem, but for t > t off the generation of new radiation is instantly stopped (the radiation generated before t < t off was not stopped). Therefore, if we now evaluate (2.8) over the new artificial current, it will give exactly the radiation energy W r (V 1 , t off ), which has escaped from the sources before t off . Subtracting it from W(V 1 , t off ), we obtain the stored energy W sto (t off ) and averaging over one period, we obtain the cycle mean stored energy
With respect to the freezing of the current, it is important to realize that this could mean an indefinite accumulation of charge at a given point. However, it is necessary to consider this operation as to be performed on the artificial impressed sources, which can be chosen freely. When subtracting the radiated energy from the total energy, it is important to take into account that for t ≤ t off , the currents were the same in both situations. Thus defining D = max{|r |}, we can state that for t ≤ t off + (r − D)/c 0 , the integrals (2.8) will exactly cancel during the subtraction, see figure 4 . The relation (2.8) can then be safely evaluated only for t = t − D/c 0 + r 0 · r /c 0 (the worst-case scenario depicted in figure 4b ), which means that the current need to be saved only for t > t off − 2D/c 0 . It is crucial to take into consideration that this is equivalent to say that, after all, the bounding sphere S 1 does not need to be situated in the far-field. It is sufficient (and from the computational point of view also advantageous), if S 1 is the smallest circumscribing sphere centred in the coordinate system, for the rest of the far-field is cancelled anyhow (figure 4a).
As a final note, we mention that even though the above-described method relies on the integration on a spherical surface, the resulting stored energy properly takes into account the actual geometry of the radiator, representing thus a considerable generalization of the time domain prescription for the stored energy proposed in [28] which is able to address only the regions outside the smallest circumscribing sphere. Further properties of the method are going to be presented on the numerical results in §3 and will be detailed in §4.
(b) Stored energy in frequency domain
This section rephrases the stored energy evaluation by Vandenbosch [31] , which approaches the issue in the frequency domain, using the complex Poynting's theorem that states [20] that 13) in which P in is the cycle mean complex power, the terms P m and P e form the cycle mean radiated power P m − P e and 2ω(W m − W e ) is the cycle mean reactive net power, and
is the inner product [49] . In the classical treatment of (2.13), W m and W e are commonly taken [20] as μ|H| 2 /4 and |E| 2 /4 that are integrated over the entire space. Both of them are infinite for the radiating system. Nonetheless, when electromagnetic potentials are used [50] , the complex power balance (2.13) can be rewritten as
where A represents the vector potential, ϕ represents the scalar potential and ρ stands for the charge density. As an alternative to the classical treatment, it is then possible to write where the particular term
is associated with the radiation field, and the operator
is defined using k = ω/c 0 as the wavenumber. The electric current J is assumed to flow in a vacuum. For computational purposes, it is also beneficial to use the radiation integrals for vector and scalar potentials [47] , and rewrite (2.16), (2.17) as [14] W
It is suggested in [31] thatW sto =W m +W e is the stored energy W sto . Yet this statement cannot be considered absolutely correct, since as it was shown in [19, 54] 
Results
While it is straightforward to prove that W sto =W sto for RLC circuits made of lumped (nonradiating) elements [55] , the evaluation of the stored energy, and, thereby, of the quality factor Q, for radiating structures is far more involved. This is due to the fact that the radiating energy should be subtracted correctly. The method proposed in §2a was implemented according to the flowchart depicted in figure 5 . The evaluation is done in Matlab [56] . The current density J (r , t) and the current i R 0 (t) flowing through the resistance R 0 are the only input quantities used, see figure 5 . Note here, that in the general formulation of the method, the power lost at the resistance R 0 is contained in the first integral on the RHS of (2.5). In particular cases treated in this section, we use the ideal voltage source i R 0 (t) = 0 and perfectly conducting bodies, and thus the first integral in RHS of (2.5) vanishes.
In order to verify the proposed approach, several types of radiators are going to be calculated, namely the centre-fed dipole, Yagi-Uda antenna, bowtie antenna and spherical helix antenna. All these radiators are made of an infinitesimally thin PEC and operate in vacuum background. The stored energy W sto calculated with the help of the novel method is going to be compared with the results of the classical approach detailed in §2b leading toW sto . The comparison is performed via the corresponding quality factors Q andQ. For the sake of completeness, the wellknown approximation [11] of the quality factor Q based on the frequency derivative of the input impedance, denoted by Q Z , is evaluated as well.
All essential steps of the method are going to be explained using the example of a centrefed dipole in §3a. Subsequently, in §3b-d, the method is going to be directly applied to more complicated radiators. The most important properties of the novel method are going to be examined in the subsequent discussion §4.
(a) Centre-fed thin-strip dipole
The first structure to be calculated is a canonical radiator: a dipole of the length L and width w = L/200. The dipole is fed by a voltage source [47] located in its centre.
The calculation starts in FEKO commercial software [57] in which the dipole is simulated. The dipole is fed by a unitary voltage and the current J(r , ω) is evaluated within the frequency span from ka = 0 to ka ≈ 325 for 8192 samples. The resulting current is imported into Matlab. We define the normalized time t n = tω 0 /(2π ) (see x-axis of figures 6 and 7), where ω 0 is the angular frequency that the quality factor Q is going to be calculated at. Then, iFFT over S(ω)J(r , ω), with
is applied, and the time domain current J (r , t) with t n = 0.02 for t n ∈ (0, 163) obtained. Note that of the stored energy evaluation itself. The next step consists in the evaluation of (2.8) for both, the original current J(r , t) and frozen current J freeze (r , t) ( figure 5 ). At this point, it is highly instructive to explicitly show the time course of the current at the centre of the dipole (figure 6), as well as the time course of the power passing through the surface S 1 in both aforementioned scenarios (original and frozen currents; figure 7) . The source was switched off at t n = 0. During the following transient (blue lines in figures 6 and 7), all energy content of the sphere is lost by the radiation. Within the second scenario, with the current constant for t > t off , the generation of new radiation is instantaneously stopped at t off = 0. The power radiated for t off > 0 (red line in figure 7 ) then represents the radiation that existed at t = t off within the sphere, but needed some time to leave the volume. Subtracting the blue and red curves in figure 7 and integrating in time for t > t off then gives the stored energy at t = t off . In order to construct the course of W sto (t off ), the stored energy is evaluated for six different switch-off times t off . The resulting W sto (t off ) is then fitted by
The fitting was exact (within the used precision) in all fitted points, which allowed us to consider (3.2) as an exact expression for all t off . The constant A then leads to W sto (ω 0 ) and thus to Q(ω 0 ). We are typically interested in the course of Q with respect to the frequency. Repeating the above-explained procedure for varying ω 0 , we obtain the red curve in figure 8. In the same figure, the comparison withQ from §2b (blue curve) and Q Z [11] (green curve) is depicted. To calculatẽ Q by means of (2.21), (2.22), (2.19) , (2.24) in the frequency domain, we used the currents J(r , ω) from FEKO. The quality factor Q Z has been evaluated from the input impedance supplied by the same software.
(b) Yagi-Uda antenna
Yagi-Uda antenna was selected as a representative of quite complex structure. The antenna has the same dimensions as in [11] and is depicted in the inset in figure figure 9 and those related to the dipole in figure 7 clearly reveals that the transient state is remarkably longer in the case of Yagi-Uda antenna, which means that the longer integration time is required. Furthermore, it can be seen (red curve for t > t off ) that the bounding sphere contains a considerable amount of radiation that should be subtracted. The accuracy of this subtraction is embodied in figure 10 , which shows the quality factors Q,Q and Q Z . Notice the similarity between Q andQ.
(c) Bowtie antenna
The next example to be treated is a bowtie antenna, a representative of ultra-wideband antennas which exhibit very low value of the quality factor [47] . The proportions of the bowtie are depicted in figure 11 and are taken identical to those from [18] has been calculated at only eight frequency points represented by red markers in figure 11 . Good agreement with the quality factorsQ and Q Z can be observed.
(d) Spherical helix antenna
The last example given in this paper is a three-dimensional thin-wire spherical helix antenna of radius a, which is fed in its centre by the voltage gap ( figure 12 ). This antenna represents ultimate and computationally challenging example, both because of number of discretization segments and because of relatively complicated transient response. The results for all three quality factors are depicted in figure 12 . Excellent agreement of all methods can be observed.
Discussion
Based on the previous sections, important properties of the novel time domain technique can be isolated and discussed. This discussion also poses new and so far unanswered questions that can be addressed in future.
The coordinate independence/dependence constitutes an important issue of many similar techniques evaluating the stored electromagnetic energy. Contrary to the radiation energy subtraction of Fante [29] , Rhodes [30] , Yaghjian & Best [11] or Gustafsson & Jonsson [33] , the new time-domain method can be proved to be coordinate-independent. It means that the same results are obtained irrespective of the position and rotation of the coordinate system. Owing to the explicit reference to coordinates, this statement in question may not be completely obvious from (2.8) . However, it should be noted that any potential spatial shift or rotation of coordinate system emerges only as a static time shift of the received signal at the capturing sphere. Such static shift is irrelevant to the energy evaluation due to the integration over semi-infinite time interval.
The positive semi-definiteness represents another essential characteristic. It should be immanent in all theories concerning the stored energy. Although (2.8) contains the absolute value, it is difficult to mathematically prove the positive semi-definiteness of the stored energy evaluation as a whole, because it is not automatically granted that the integration during the second run integrates smaller amount of energy than the integration during the first run. Despite that, we can anticipate the expected behaviour from the physical interpretation of the method, which stipulates that the energy integrated in the second run must have been part of the first run as well. At worst, the subtraction of both runs can give null result. This observation is in perfect agreement with the numerical results. Nevertheless, the exact and rigorous proof admittedly remains an unresolved issue that is to be addressed in the future. Unlike the methods of Fante [29] , Rhodes [5] or Collin & Rothschild [25] , the obvious benefit of the novel method consists in its ability to account for a shape of the radiator, not being restricted to the exterior of the circumscribing sphere.
Finally, it is crucial to realize that the novel method is not restricted to the time-harmonic domain, but can evaluate the stored energy in any general time-domain state of the system. This raises new possibilities for analysing radiators in the time domain, namely the ultra-wideband radiators and other systems working in the pulse regime.
Conclusion
Two different concepts aiming to evaluate the stored electromagnetic energy and the resulting quality factor Q of the radiating system were investigated. The novel time domain scheme constitutes the first one, while the second one uses time-harmonic quantities and classical radiation energy extraction. Both methods were subject to theoretical and numerical comparison. For completeness, the quality factor Q resulting from the two aforementioned methods has also been compared to the common approximation by the normalized frequency derivative of the input impedance.
It was shown that the most practical scheme based on the frequency derivative of the input impedance generally fails to give the correct quality factor, but may serve as a very good estimate. By contrast, the frequency domain concept with far-field energy extraction was found to work correctly in the case of general RLC circuits and simple radiators. Unlike the newly proposed time domain scheme, it could however yield negative values of stored energy, which is actually known to happen for specific current distributions. In this respect, the novel time domain method proposed in this paper could be denoted as reference, since it exhibits the coordinate independence, positive semi-definiteness, and most importantly, takes into account the actual shape of the radiator. Another virtue of the novel scheme is constituted by the possibility to use it out of the time-harmonic domain, e.g. in the realm of radiators excited by general pulse.
The follow-up work should focus on the radiation characteristics of separated parts of radiators or radiating arrays, the investigation of different time domain feeding pulses and their influence on performance of ultra-wideband radiators and, last but not least, on the theoretical formulation of the stored energy density generated by the new time domain method.
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